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Abstract 

The null energy condition, in its usual form, can appear to be violated by trans- 
formations in the conformal frame of the metric. We propose a generalization of 
the form of the null energy condition to Jordan frame, in which matter is non- 
minimally coupled, which reduces to the familiar form in Einstein frame. Using 
our version of the null energy condition, we provide a direct proof of the second 
law of black hole thermodynamics in Jordan frame. 
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1 Introduction 



By themselves, Einstein's equations impose virtually no restrictions on the kinds of 
spacetimes that are physically permissible. Any arbitrary (suitably differentiable, sym- 
metric) metric that satisfies the boundary conditions is a solution to Einstein's equations 
since, formally, one can simply define the energy-momentum tensor to equal the right- 
hand side of Einstein's equations for the given metric. 

To restrict the solution space, one can impose some physical requirements. In par- 
ticular, energy conditions are imposed on the types of matter considered. The various 
energy conditions — null (NEC), weak (WEC), dominant (DEC), and strong (SEC) - 
each express some seemingly reasonable expectation regarding matter, such as that the 
speed of sound in the matter be less than the speed of light. The energy conditions 
are inequalities that apply locally, and are asserted to hold everywhere in spacetime. 
They are generalizations of the notion that local energy density be non-negative and 
are implemented by requiring various linear combinations of components of the matter 
energy-momentum tensor to be non-negative. The energy conditions are violated by po- 
tentially pathological forms of matter, such as certain instances of tachyons (WEC) and 
ghosts (NEC), and in turn eliminate many of the arbitrary metrics that would otherwise 
tautologically satisfy Einstein's equations. 

Furthermore, the energy conditions play a critical role in a variety of important 
theorems in general relativity. They are crucial, for example, to the singularity theorems 
which indicate that our universe began with a Big Bang singularity; almost all theoretical 
attempts to evade the Big Bang singularity require the violation of at least some of the 
energy conditions at some step. Energy conditions are also invoked in the topological 
censorship theorem, in positive energy theorems, in prohibiting time machines, in the 
black hole no-hair theorem and, in particular, in the area-law increase for black holes 

[DM- 

Given their importance, it is disturbing that the energy conditions are not derived 
from any fundamental principles. Indeed, the status of the energy conditions — why or 
even whether they hold — remains unclear [I] . For example it is unclear what happens to 
the energy conditions in higher derivative theories of gravity; should they be modified, or 
do the physical laws that depend on them (viz. the laws of black hole thermodynamics) 
require modification? In f(R) gravity no modification is required [5] but the question is 
still open for other higher curvature theories of gravity. The NEC is routinely violated 
in higher derivative theories [6j [7J [8] , in the presence of extra dimensions [9J , in ghost 
condensate models [JO] , in string cosmology [TTJ [12] and in other cosmological models 
which evade the big-bang singularity with a cosmic bounce [131 [HJ [J3] . The presence 
of quantum effects and backreaction also tend to introduce ambiguities in the energy 
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conditions [TBI E] • 

But even if we restrict ourselves to only lowest-curvature tree-level classical actions, 
ambiguities appear when non-minimal couplings are introduced |18J . Indeed, even simple 
conformal frame transformations seem to violate the energy conditions [19]. The reason 
for this is easy to understand: the energy conditions are conditions on the stress tensor 
of matter but Weyl transformations (local rescalings of the metric) mix matter and 
gravity, thereby altering the stress tensor nontrivially. 

In this paper, we consider gravity coupled to a scalar field in Einstein frame and show 
that, after a local rescaling of the metric, the usual form of the null energy condition 
can appear to be violated. We then propose a new form of the null energy condition, 
(I17p . that is valid in all rescaled Weyl frames. Our new null energy condition reduces 
to the usual form in Einstein frame. We then show that this form is consistent with 
the invariance of the second law of thermodynamics for black holes under changes in 
conformal frame. We use our modified NEC to supply a direct proof of the second law 
in Jordan frame. 



2 Energy conditions in Jordan frame 

Consider a minimally coupled, Einstein-Hilbert scalar field action with canonically nor- 
malized scalar field 0: 

r / m d ~ 2 1 \ 

i = j ^ y-^ 11 ~ 2 090)2 ~ v{<p) ) ■ (1) 

Here g ab is the Einstein-frame metric that couples minimally to the metric. Let T^ b be 
the Einstein-frame energy-momentum tensor of the scalar field: 

T^ b = d a ct>d b( t>-g ab {^{d<P) 2 + V{<P)^ . (2) 

This manifestly satisfies the null energy condition: 

T*k a k b = (k ■ d<j>) 2 > , (3) 

where k a is any null vector, g a bk a k b = 0. 
Now consider a Weyl transformation: 

g ab = tt 2 (x)g ab . (4) 
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The Lagrangian is now given by 

L Mp~ 2 „ „ n ... I 



n -P-2)^ _ _ q-o (fi 2 (,9 a 0) 2 _ M°- 2 {D - 2){D - 3)(dQ) 2 ) . (5) 



The existence of a well-defined inverse of the metric requires a nowhere-vanishing con- 
formal factor. In addition, we need Q(x) to be related to the previously existing fields 
in Einstein frame; otherwise, we would have introduced a new degree of freedom. We 
therefore take 

Sl(x) = e w(l)/ " , ii = Mp 1 , (6) 

where ( is a dimensionless constant, and fi is a dimensionful constant with the same 
dimensions as 0. We have chosen the conformal factor to be linear in <fi for simplic- 
ity; our results can trivially be extended to a general conformal factor of the form 
exp(f((j>(x)/fj,)). 

It is important to emphasize here that we have merely redefined field variables from 
9ab{x), 4>{x) to g a b{%), <P{x)- No actual physical transformation has taken place; we have 
only performed a change of variables. Obviously, the physics had better be invariant 
under such a field redefinition. In particular, if the energy conditions are to have physical 
significance, they too must continue to hold after field redefinition. Let us check whether 
this is the case. 

Using the above choice of conformal factor the action becomes 

J d D x^ge-« D -W C\D -2){D- 3)) («9 a 0) 2 - e'^V^ . 

(7) 

We will refer to this action as the Jordan-frame action because gravity is nonminimally 
coupled, via the term in which the Ricci scalar is directly coupled to matter. The 
various pieces of the Lagrangian no longer split cleanly into a gravity Lagrangian and 
a matter Lagrangian, and hence it is no longer sensible to define the Jordan-frame 
energy-momentum, T^ b , naively, as the variation of the matter action: 

rpj I 2 5/mattcr / q n. 



Instead, we will define the Jordan-frame energy-momentum tensor via the requirement 
that it be covariantly conserved, with respect to the covariant derivative, V a , associated 
with the Jordan-frame metric, g a b- The equation of motion for g a b is 

Mp~ 2 f~ 1_ ~\ 1 



(Rab - \gabRj = \ ( 1 - C 2 (D -2)(D- 3)) ((cW>)(c> 6 0) - ~gab(d<P) 2 ) 
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D-2 



+e -W»v(<f>) - MLl e «D-2 W » ^ a6 v2 _ v fc V a ) e« D - 2 W» . (9) 

This can be rewritten so as to get the Einstein tensor on the left-hand side. Then 
whatever is on the right-hand side is covariantly conserved as a result of the Bianchi 
identity. We use this property to define the energy-momentum tensor: 

Gab = M D-2 T ab ■ ( 10 ) 

Explicitly, the stress tensor in Jordan frame is 

T J ah = (1 + C\D - 2)){dMM) ~ ~9a b Q ( 1 + C 2 (D — 1)(D — 2)) (d^f + e -^V(4>)\ 



+((D-2)M P 2 ^ ab V 2 -V b V a )0, (11) 
which is covariantly conserved: 



V a T/ 6 = o . (12) 
2.1 NEC on the stress tensor in Jordan frame 

The covariantly-conserved stress tensor, (fTTT) . can still violate the null energy condition 
in its Einstein-frame form [19]. To see this, contract T^ b with null vectors: 

T J ah k a k h = (1 + ( 2 (D - 2)) {k a d a (t>f - ((D - 2)Mp^ k a k b V a V b <P . (13) 

Notice that the positivity of the last term is ambiguous. If we parameterize the null 
vector flow k a by an affine parameter, A, so that k a = (d/d\) a , then 

TLk^ = (1 + C(D - 2)) (0 - C(D - 2)M^ * . (14) 

If this were the correct form of the NEC, the set of physical solutions (gab, 4>) in Einstein 
frame — namely, those that obey the Einstein frame NEC — would not map to the set 
of physical solutions (gab, 4>) in Jordan frame — those that satisfy T^ b k a k b > 0. But the 
set of physical solutions should not change under field redefinitions. It must be, then, 
that this naive version of the NEC is incorrect in Jordan frame. 

We propose that the correct null energy condition in Jordan frame is 

T J ah + CP - 2)Mp 1 V a V b <p\ k a k b > . (15) 
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Once this condition is imposed on the matter fields in the Jordan frame the ambiguity is 
resolved and we have (solution set in Jordan frame) = (solution set in Einstein frame). 
To see this explicitly, consider our energy-momentum tensor. Using the expression ffTTT) 
in the relation f|T5|) . we find 

(r/ 6 + CP - 2)M^V a V b <p) k a k b = (1 + ( 2 (D - 2)) (k a d a <P) 2 = (1 + C 2 (D - 2)) T*k a k b . 

(16) 

Hence 

modified NEC obeyed in Jordan frame -vv- usual NEC obeyed in Einstein frame 

Our expression for the Jordan frame null energy condition can be generalized to arbitrary 
non-minimal couplings of matter sources to the Ricci scalar. The generalized version is 

k a k b > , (17) 

This inequality reduces to the usual Einstein frame NEC, ([3]), in case of minimal coupling 
(Q = 1) and to the modified NEC, (HSJ), when Q = exp(C0(x)//i). 

To summarize, we propose a new form of the null energy condition, f lT7]) . that applies 
to non-minimally coupled scalar fields and whose solution set is the same as that of the 
usual Einstein frame null energy condition. This is as it should be, since the two frames 
are related by a field redefinition. 

3 Entropy increase in Jordan frame 

Our proposal for the modified null energy condition in Jordan frame was somewhat ad 
hoc. It happened to work for non-minimally coupled scalar fields in conformally trans- 
formed actions. We will now motivate the prescription by a robust physical principle, 
namely the invariance of the second law of black hole thermodynamics under re-scalings 
of the metric. If we regard black hole entropy as counting the number of degrees of 
freedom (via the dimension of its Hilbert space), then entropy is conformally invariant. 
In particular, whether a later configuration has a higher entropy than an earlier config- 
uration is invariant under conformal transformations. (To be clear: the area of a black 
hole obviously does transform under metric re-scalings; however the entropy in Jordan 
frame is no longer simply the area.) If the entropy increases in one frame as a result of 
imposition of the NEC then it should also increase in the conformal frame without any 
extra requirement, viz. the modified NEC of the Jordan frame. In this section, we will 



Tj, + M£- 2 V a V 6 lnfi 
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prove that our modified null energy condition in Jordan frame indeed guarantees that, 
classically, black hole entropy never decreases. 

Consider a stationary black hole solution to the Einstein equation in D spacetime 
dimensions. The entropy of black hole solutions of the Einstein-Hilbert action is just 
proportional to its "area" PQ, by which we mean a (D-2) -dimensional spacelike section 
of the horizon. But in dealing with spacetimes which are solutions to non- Einstein- 
Hilbert actions, such as the one in Jordan frame with non-minimal scalar coupling, a 
notion of entropy is absent. The Wald prescription of entropy [20] identifies a conserved 
charge with the entropy of the horizon for stationary solutions to these non-Einsteinian 
theories of gravity. When we evaluate the entropy on the (D-2)-dimensional horizon in 
a conformal frame we are using the Wald entropy. The black hole entropy in Jordan 
frame is not simply proportional to the area. Rather it is 

s = ^ J d D -*x^n-( D -v . (is) 

The increase of entropy in the Jordan frame has been studied before from the perspective 
of f(R) theories [5], since a class of f(R) theories can be mapped to scalar-tensor 
theories. 

To see how the rate of change of black entropy in the Jordan frame depends on the 
Jordan frame NEC we first find the expression for the change in the black hole entropy. 

dS 



J d D ~ 2 x^n-^ fe -(d- 2)^) 



d\ 4G D 



where we have defined 



0(A) = C-(D- 2)^5. (20) 

dX 

Here 9 is the expansion scalar for the null generator k a of the horizon: 

e = = . (2i) 

dX 



Black hole entropy would not decrease if were non- negative, as evident from ([19]) . 
We will now give a direct proof of the second law of thermodynamics for scalar-tensor 
theories in Jordan frame. As in the proof that the surface area of black holes in Einstein 
gravity always increases [2], we will show that, if < 0, then a caustic necessarily forms. 



7 



Notice that the vector k a = (d/d\) a is related to k a = (d/d\) a . This is easiest to 
see for a normalized timelike velocity vector, u a = (d/dr) a . Since dr 2 = —g a bdx a dx b , 
rescaling the metric causes r to scale: f = fir. Then ^ = fi and hence u a = (d/df) a = 
*L(d/dT) a = {l/VL)u a . Similarly, we have 

Because Q(x) is a function of space and time, k a is not in general affinely parameterized. 
Thus 

k b V h k a = Kk a , (23) 

where 

K = ilnfi. (24) 
dX 

The corresponding Raychauduri equation for 9 is 

lx =Kd ~ (lJ^2 + dabdah + + kab ^~ kb I ' (25) 

The presence of the k9 term on the right is a sign that A is not an affine parameter. 
Hypersurface orthogonality of the null generators k a of the event horizon causes the 
rotation {w = 0) to vanish by the Frobenius theorem. We also set o a b = to reduce 
clutter. We can now use the equation of motion in the Jordan frame and replace the 
Ricci tensor with the Jordan frame stress tensor: 

R ab ~k a ~k b = -^Tik a k b . (26) 
Taking the derivative of (1201) and substituting (|25|) then gives 

» = *- (IJ -2)-£h,n 

dX dX dX 2 

02 kQ — (D — 2)k 2 - [k a ~k b (T/ 6 + M^- 2 V a V 6 lnfi)] .(27) 



D-2 v ' Mp 



The last line follows from the relation between k and Q above, [2H Note the presence 
of the terms in square brackets: this is proportional to precisely the expression that 



8 



appears in our modified null energy condition in Jordan frame, (ITTj) . When that is 
obeyed we have 

We will now analyze this equation carefully in order to prove that only solutions with 
> do not have caustics. Cosmic censorship — which in this context means the 
prohibition of caustics — eliminates all solutions with < and hence, by ( 1191) . the 
second law of black hole thermodynamics holds in Jordan frame. 

Suppose, then, that at some parameter Ao, a pencil of horizon null generators has 
©o < 0. For simplicity we will assume that k is a function only of A. First, consider 
k < 0. But then every term on the right-hand side of fl28l) is nonpositive for O < 0. 
Hence g < 0. In fact, || < whose solution is 6(A) < 6 /(l + %zf ©o)- For all 

negative values of O , 0(A) diverges at some finite A, resulting in a caustic. Hence, for 
k < 0, all solutions with 6 < lead to caustics. 

Next, consider n > 0. In this case, the term — kQ in fl28|) is positive for < 0. 
However, the three terms on the right-hand side together are always negative. To see 
this, consider the right-hand side of f[2"gj) as a quadratic polynomial in 0; this quadratic 
has no real roots for k > 0. Hence again ^ < 0; is a monotonically decreasing 

function of A. However, to prove that this inevitably results in a caustic is more subtle 
because the positivity of the — k0 term does not permit us to write S5. < — -J^. 

A monotonically decreasing negative function 0(A) can have three different asymp- 
totic possibilities. Possibility 1 is that asymptotically and monotonically approaches 
some finite negative value, m i n i.e. lim^^ 0(A) = m i n . Possibility 2 is that 
is unbounded from below but reaches negative infinity only in the infinite future i.e. 
lim^ oo 0(A) = — oo. This is not a caustic because is finite at all finite values of 
A. Possibility 3 is that diverges at some finite A c : lim^_^ 0(A) = — oo. This corre- 
sponds to a caustic. These three possibilities are illustrated schematically by the curves 
in Figure 1. We will now show that k > and < always gives rise to possibility 3. 

First we rule out possibility 1; 0(A) does not asymptotically approach a finite value. 
For suppose that were true. Then for large values of A, we would have rj m i n and 
^ Rj 0. But, regarding the right-hand side of (1281) as a quadratic in k, we see that there 
are no real solutions for k when = m ; n and ^ = 0. Hence, possibility 1 is eliminated 

and 0(A) is therefore unbounded from below. 

Since is unbounded from below, consider a very large (negative) value of 0. Focus 
on an infinitesimal interval of A. In that interval, k(A) can be regarded effectively as a 
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Figure 1: Possible curves for a negative monotonically decreasing function 6(A). Curve 
1 asymptotes to a finite value G m ; n . Curve 2 is unbounded from below with Q becoming 
infinitely negative only as A — > oo. In curve 3, O reaches minus infinity at finite A. This 
corresponds to a caustic. 



constant. Then we can integrate (|28|) to obtain 

^G - (e + 1{D - 2)k) tan (&k{\ - A 

©(A) = 7 x t—^ sr—+ ■ (29) 

f + (^2) + l) tan (f «(A - Ao)) 

Scrutiny of this reveals that the denominator vanishes for certain values of A: 

~ ~ D — 2 

A - Ao « ^- • (30) 

Hence if Go is large and negative, G becomes divergently negative in finite time: a 
caustic. 

We have proven that, whether k is positive or negative, we always find a caustic in 
finite parameter A whenever Go < 0. Cosmic censorship bans these solutions leaving only 
those with G > 0. This in turn implies that black hole entropy must be nondecreasing 
in Jordan frame. Our proof relied crucially on (T28]) . which follows from (|27|) only when 
our modification to the Jordan-frame null energy condition is satisfied. A quick check 
on our result comes from the observation that G = 6e/Q, where 9e is the expansion in 
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Einstein frame. Then, when the usual Einstein-frame null energy condition is satisfied, 
9e is positive. This in turn means that must be positive and that the Jordan- frame 
entropy also increases. Here we have proven that fact directly in Jordan frame without 
relying on a correspondence with Einstein frame. 
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